POINTWISE C2 " ESTIMATES AT THE BOUNDARY FOR THE 
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Abstract. We obtain pointwise C^'° estimates at boundary points for so- 
lutions to the Mongc-Ampere equation under appropriate local conditions on 
the right hand side and boundary data. 



1. Introduction 

Boundary estimates for solutions of the Dirichlet problem for the Monge- Ampere 
equation 

dct D'^u = f inn, 
u = ip on dfl, 

were obtained in the classical paper by CafFarelli, Nirenberg and Spruck [CNSj in 
the case when dil, (p and / are sufficiently smooth. When / is less regular, i.e 
/ G C", the global C^'" estimates were obtained by Trudinger and Wang |TWj 
for (p, dfl G C^. In this paper we discuss pointwise C^ " estimates at boundary 
points under appropriate local conditions on the right hand side and boundary 
data. Our main result can be viewed as a natural extension up to the boundary of 
the pointwise interior C^'" estimate of Caffarelli in |C2) . 
We start with the following definition (see jCCj ). 

Definition: Let < a < 1. We say that a function u is pointwise C^'" at xq and 
write 

if there exists a quadratic polynomial P^g such that 

uix)^P,,{x) + Oi\x~xo\''+"). 
We say that u e C^{xo) if 

u{x) = Pxoix) + o{\x - xop). 

Similarly one can define the notion for a function to be C'^ and C'^^" at a point for 
any integer fc > 0. 

It is easy to check that if u is pointwise C^'" at all points of a Lipschitz domain 
Cl and the equality in the definition above is uniform in xq then u € C^'"(r2) in the 
classical sense. Precisely, if there exists M and 6 such that for all points xq £ 0. 

\u{x) - Px„{x)\ < M\x - xo\^^" ii\x-xo\<d, xeCl 

then 



The author was partially supported by NSF grant 0701037. 

1 



2 



O. SAVIN 



CafFarelli showed in |C2] that if u is a strictly convex solution of 

det D^u = / 

and / G C°'{xo), /(sq) > at some interior point xq £ il, then u e C^'°'{xq). Our 
main theorem deals with the case when xq G dil. 

Theorem 1.1. Let Q be a convex domain and let u : fl ^ M. convex, continuous, 
solve the Dirichlet problem for the Monge- Ampere equation 

r detD'^u — f inVt, 
1 It = on dil, 

with positive, bounded right hand side i. e 

< A < / < A, 

for some constants X, A. 

Assume that for some point xq G dfl we have 

feCixo), f,dneC^'''{xo), 

for some a G (0, 1). If ip separates quadratically on dfl from the tangent plane of u 
at Xq, then 

u G C2^"(a;o)- 

The way Lp separates locally from the tangent plane at a;o is given by the tan- 
gential second derivatives of u at xq. Thus the assumption that this separation is 
quadratic is in fact necessary for the C^'" estimate to hold. Hcuristically, Theorem 
11.11 states that if the tangential pure second derivatives of u are bounded below 
then the boundary Schauder estimates hold for the Monge- Ampere equation. 

A more precise, quantitative version of Theorem 11.11 is given in section 7 (see 
Theorem [7!T|) . 

Given the boundary data, it is not always easy to check the quadratic separation 
since it involves some information about the slope of the tangent plane at a^o- 
However, this can be done in several cases (see Proposition 13. 2p . One example is 
when is uniformly convex and f, dVl G C^{xq). The condition of the data is 
optimal as it was shown by Wang in jWj . Other examples are when dVl is uniformly 
convex and Lp is linear, or when d^l is tangent of second order to a plane at xq and 
ip has quadratic growth near xq. 

As a consequence of Theorem 1 1.1 1 we obtain a pointwise C^'" estimate in the case 
when the boundary data and the domain are pointwise . As mentioned above, 
the global version was obtained by Trudinger and Wang in jTW] . 

Theorem 1.2. Let O be uniformly convex and let u solve (|1.1|) . Assume that 

/gC"(xo), v^dn^c^'^XQ), 

for some point xq G dO,, and some a G (0, 1). Then u G C^'"(a;o). 

We also obtain the C^'" estimate in the simple situation when dVl G C^'" and ip 
is constant. 

Theorem 1.3. Let D, be a uniformly convex domain and assume u solves ()1.1|) 
with ip = Q. Iffe C^in), dn G C^'", for some a G (0,1) then u G C'^^°'{n). 
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The key step in the proof of Theorem 11.11 is a locahzation theorem for bound- 
ary points which was recently proved in [S . It states that under natural local 
assumptions on the domain and boundary data, the sections 

Shixo) — {x eft \ u{x) < u{xq) + \/u{xo) ■ {x — xq) + h}, 

with a:o G dfl are "equivalent" to ellipsoids centered at xq. 

Theorem 1.4. Let be convex and u satisfy (jl.ip . and assume 

dn,ipe C^'\xo). 

If ip separates quadratically from the tangent plane of u at xq, then for each small 
h > there exists an ellipsoid Eh of volume /i"/^ such that 

cEh n n c Shixo) -xoc CEh n n, 

with c, C constants independent of h. 

Theorem 11.41 is an extension up to the boundary of the localization theorem at 
interior points due to Caffarelli in jClj . For completeness we provide also its proof 
in the current paper. 

The paper is organized as follows. In section 2 we discuss briefly the compact- 
ness of solutions to the Monge- Ampere equation which we use later in the paper 
(see Theorem 12.71) . For this we need to consider also solutions with possible dis- 
continuities at the boundary. In section 3 we give a quantitative version of the 
Localization Theorem (see Theorem 13. ip . In sections 4 and 5 we provide the proof 
of Theorem [231 In section 6 we obtain a version of the classical Pogorelov estimate 
in half-domain (Theorem 16. 4p . Finally, in section 7 we use the previous results 
together with a standard approximation method and prove our main theorem. 

2. Solutions with discontinuities on the boundary 
Let u : f2 R be a convex function with fi C M" bounded and convex. Denote 

by 

U := {{x, Xn+i) eflxR\ Xn+i > u{x)} 
the upper graph of u. 

Definition 2.1. We define the values of u on to be equal to ip i.e 

u\dn = V, 

if the upper graph of tp : dfl — > M U {oo} 

$ := {{X, Xn+l) ednxR\ Xn+l > (fix)} 

is given by the closure of U restricted to Sfi x M, 

$ i/n (ar2 X R). 

From the definition we see that (p is lower semicontinuous. 

If u : ^ R is a viscosity solution to 

det D^u = fix), 

with / > continuous and bounded on fi, then there exists an increasing sequence 
of subsolutions, continuous up to the boundary, 

Un-.Cl-^R, det D^un > fix) 



4 



O. SAVIN 



with 

limu„ = u in CI, 

where the values of u on dCl are defined as above. 

Indeed, let us assume for simplicity that G Q, u{0) = 0, m > 0. Then, on each 
ray from the origin u is increasing, hence : Q ^ M., 

Vs{x) = u{{l - s)x) 

is an increasing family of continuous functions as £ — >■ 0, with 

limvs = u in CI. 

In order to obtain a sequence of subsolutions we modify Ve as 

Us{x) := Vs{x) +Ws{x), 

with Ws < —s, convex, so that 

det D^w, > \f{x) - (1 - - e)x)\, 

thus 

dctD'^Ueix) = det{D'^Ve + D^We) > dctD^v^ + dct D'^w^ > f{x). 
The claim is proved since as £ we can choose to converge uniformly to 0. 
Proposition 2.2 (Comparison principle). Let u, v be defined on Cl with 

det D^u > f{x) > detD^v 

in the viscosity sense and 

u\dQ < v\dn- 

Then 

u < V in ^. 

Proof. Since u can be approximated by a sequence of continuous functions on Cl it 
suffices to prove the result in the case when u is continuous on Cl and u < v on 
dCl. Then, u < v in a. small neighborhood of dCl and the inequality follows from 
the standard comparison principle. 

□ 

A consequence of the comparison principle is that a solution detD^M = / is 
determined uniquely by its boundary values u|an. 

Next wc define the notion of convergence for functions which are defined on 

different domains. 

Definition 2.3. a) Let u/j : fi^ — > M be a sequence of convex functions with Cl^ 
convex. We say that Uk converges to u : O ^ K i.e 

M/j — >■ M 

if the upper graphs converge 

Uk ^ U in the Haudorff distance. 

In particular it follows that Clk Cl in the Hausdorff distance. 

b) Let (fk '■ dClk ^ M U {oo} be a sequence of lower semicontinuous functions. 
We say that ifk converges to if : dCl — >• M U {oo} i.e 

(fk^if 
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if the upper graphs converge 

$/£ — s> $ in the Haudorff distance. 

c) We say that //j : fi^ — > R converge to / : -> R if //j. are uniformly bounded 
and 

fk^f 

uniformly on compact sets of 51. 

Remark: When we restrict the HausdorfF distance to the nonempty closed sets 
of a compact set we obtain a compact metric space. Thus, if ftk, Uk are uniformly 
bounded then we can always extract a convergent subsequence Uk^ — > u. Similarly, 
if fife, tpk are uniformly bounded we can extract a convergent subsequence ipk^ Lp. 

Proposition 2.4. Let Uk ^k ^ ^ be continuous and 

det D'^Uk = fk, Uk = ifk on dUk. 

If 

Uk ^u, (pk-> (p, fk f, 

then 

(2.1) det D'^u = f, u^Lp* on d^, 

where ip* is the convex envelope of ip on dfl i.e $* is the restriction to dfl x R o/ 
the convex hull generated by $. 

Remark: If Q is strictly convex then ip* = ip. 

Proof. Since 

Uk ^U, $fc ^ $fe C Uk, 
we see that ^ C U. Thus, if K denotes the convex hull generated by $, then 
^* C K CU. It remains to show that Un{dnxR) C K. 
Indeed consider a hyperplane 

Xn+l = l{x) 

which lies below K. Then 

Uk — I > on dflk 
and by Alexandrov estimate we have that 

Uk - I > -Cd]!"' 

where dk represents the distance to dQ,k. By taking fc — > oo we see that 

u-l> -Cd^/'' 
thus no point on dVl x R below the hyperplane belongs to U . 

□ 

Proposition 12.41 savs that given any ip bounded and lower semicontinuous, and 
/ > bounded and continuous we can always solve uniquely the Dirichlet problem 

r det D'^u^f in f7, 

y u — ip on 9ri 
by approximation. Indeed, we can find sequences ipk, fk of continuous, uniformly 
bounded functions defined on strictly convex domains Vlk such that ipk p> and 
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fk f ■ Then the corresponding solutions Uk are uniformly bounded and continu- 
ous up to the boundary. Using compactness and the proposition above we see that 
Mfe must converge to the unique solution u in (j2.ip . 

We extend the Definition 12.11 in order to allow a boundary data that is not 
necessarily convex. 

Definition 2.5. Let : dVl — s> M be a lower semicontinuous function. When we 
write that a convex function u satisfies 

u — Lp on dVL 

we understand 

u\dn = V* 

where (/?* is the convex envelope of Lp on dVL. 

Whenever Lp* and Lp do not coincide we can think of the graph of u as having a 
vertical part on dO, between (p* and Lp. 

It follows easily from the definition above that the boundary values of u when 
we restrict to the domain 

17/1 '■— {u < h} 

are given by 

(fh = Lp on d^l n {iy9 < /i} C dVlh 
and ipfi = h on the remaining part of dflh- 

By Proposition 12.21 the comparison principle still holds. Precisely, if 
u — Lp, V — lp, Lp < lp on 9fi, 
det D'^u > / > det D'^v in rj, 

then 

u < V in fl. 

The advantage of introducing the notation of Definition [23] is that the boundary 
data is preserved under limits. 

Proposition 2.6. Assume 

detD^-Ufc = /fc, Uk^Lfik on drik, 
with rik, Lpk uniformly bounded and 

(f, fk^ /• 

Then 

Uk u 

and u satisfies 

det D^u = /, u = Lp on d^l. 

Proof. Using the compactness of solutions we may assume that Uk converges to a 
limit u and it remains to prove that u = Lp on dfl. 
Denote by Uk the restriction of Uk to the set 

ilk — {x € rtk\ dist{x,drtk) > Sk}- 
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Notice that for fixed fc, as — >■ then Uk — )■ Uk and (pk 'P*k- On the other hand, 
from the hypotheses we obtain that (p^ — >■ 93*. Thus, we can choose a sequence of 
Ek such that 

ilk u, ifk Ik ^ /■ 

Now, since Uk are continuous up to the boundary, the conclusion fohows from 
Proposition [mi □ 

Finally, we state a version of the last proposition for solutions with bounded 
right-hand side i.e 

A < det D^u < A, 
where the two inequalities are understood in the viscosity sense. 
Theorem 2.7. Assume 

X < det D^Uk < A, Uk = fk on dilk, 

and flk, ^k uniformly bounded. 

Then there exists a subsequence km such that 

with 

A < det D^u < A, u = (p on dfl. 

3. The Localization Theorem 

In this section we state the quantitative version of the localization theorem at 
boundary points (Theorem 13. ip . 

Let be a bounded convex set in M". We assume that 

(3.1) Bpipcn) C n C {xn>0}nBi, 

p 

for some small p > 0, that is fi C (M")+ and contains an interior ball tangent to 
on at 0. _ 

Let M : — M be continuous, convex, satisfying 

(3.2) det D^u^f, 0<A</<A in 17. 

We extend m to be 00 outside Q. 

After subtracting a linear function we assume that 

(3.3) Xn+i = is the tangent plane to u at 0, 
in the sense that 

M > 0, u(0) = 0, 

and any hyperplane Xn+i = exm e > 0, is not a supporting plane for u. 

We investigate the geometry of the sections of u at that we denote for simplicity 
of notation 

Sh {x <eQ. : u{x) < h}. 

We show that if the boundary data has quadratic growth near {xn = 0} then, 
a.s h ^ 0, Sh is equivalent to a half-ellipsoid centered at 0. 
Precisely, our theorem reads as follows. 
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Theorem 3.1 (Localization Theorem). Assume thati}, u satisfy p.ip - p.3p above 
and for some fi > 0, 

(3.4) fi\x\'^ <u{x) < ^J.^^\x\'^ ondnn{x„ <p}- 

Then, for each h < c{p) there exists an ellipsoid Eh of volume /i"/^ such that 

Moreover, the ellipsoid Eh is obtained from the ball of radius h^^'^ by a linear 
transformation Aj^^ (sliding along the Xn ~ plane) 

AhEh = h^'^B^ 

Ah{x) = X - UXn, V = (yx,V2, ■ ■ . ,l/„_l,0), 

with 

W\ < k-'\logh\. 

The constant k above depends on /i, A, A,n and c{p) depends also on p. 

The eUipsoid Eh, or equivalently the hnear map Ah, provides information about 
the behavior of the second derivatives near the origin. Heuristicahy, the theorem 
states that in Sh the tangential second derivatives are bounded from above and 
below and the mixed second derivatives are bounded by | logh\. 

The hypothesis that u is continuous up to the boundary is not necessary, we just 
need to require that (13.41) holds in the sense of Definition 12.51 

Given only the boundary data 1^9 of u on dft, it is not always easy to check the 
main assumption p.4p i.e that ip separates quadratically on dVl (in a neighborhood 
of {xn = 0}) from the tangent plane at 0. Proposition 13.21 provides some examples 
when this is satisfied depending on the local behavior of and (p (see also the 
remarks below). 

Proposition 3.2. Assume p.ip . p.2p hold. Then (|3.4p is satisfied if any of the 
following holds: 

1) if is linear in a neighborhood of and fl is uniformly convex at the origin. 

2) dfl is tangent of order 2 to {a;„ — 0} and (p has quadratic growth in a neighbor- 
hood of {Xn — 0}. 

3) If, dfl G C'^(O), and fl is uniformly convex at the origin. 
Proposition 13.21 is standard (see |CNSj . |Wn. We sketch its proof below. 

Proof. 1) Assume = in a neighborhood of 0. By the use of standard barriers, 
the assumptions on f2 imply that the tangent plane at the origin is given by 

Xn+l — pXji 

for some bounded /i > 0. Then p.4p clearly holds. 

2) After subtracting a linear function we may assume that 

on do. in a neighborhood of {xn = 0}. Using a barrier we obtain that lo, the tangent 
plane at the origin, has bounded slope. But dfl is tangent of order 2 to {xn = 0}, 
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thus lo grows less than quadratic on in a neighborhood of {xn — 0} and p.4p 
is again satisfied. 

3) Since fl is uniformly convex at the origin, we can use barriers and obtain that 
Iq has bounded slope. After subtracting this linear function we may assume Iq = 0. 
Since ip, dfl G C^(0) we find that 

^ = Qo{x')+o{\x'\^) 

with Qo a cubic polynomial. Now (p > 0, hence Qo has no linear part and its 
quadratic part is given by, say 

i<n 

We need to show that /ij > 0. 

If fii ~ 0, then the coefficient of xf is in Qo- Thus, if we restrict to dH, in a 
small neighborhood near the origin, then for all small h the set {(p < h} contains 

{\xi\ < r(/i)/ii/3}n{|x'| <c/ii/2} 

for some c > and with 

r{h) — J- oo a,s h —> 0. 
Now Sh contains the convex set generated by {ip < h} thus, since fl is uniformly 
convex, 

|^/.| > c'(r(/i)/ii/3)3/j(n-2)/2 > c'r{hfh^/\ 
On the other hand, since u satisfies p.2p and 

< u < h in Sh 

we obtain (see (|4.4I) ) 

for some C depending on A and n, and we contradict the inequality above as /i — 0. 

□ 

Remark 3.3. The proof easily implies that if dQ, ip G C^{fl) and Q is uniformly 
convex, then we can find a constant fi which satisfies (|3.4p for all x G dil. 

Remark 3.4. From above we see that we can often verify (j3.4p in the case when (p, 
dft G C^'^(O) and is uniformly convex at 0. Indeed, if l^p represents the tangent 
plane at to : dft M (in the sense of (|3.3p ). then p.4|) holds if either ip 
separates from quadratically near 0, or if ip is tangent to of order 3 in some 
tangential direction. 

Remark 3.5. Given ip, dfl G C^'^(O) and il uniformly convex at 0, then p.4p holds 
if A is sufficiently large. 

4. Proof of Theorem 13.11 (1) 

We prove Theorem 13. ll in the next two sections. In this section we obtain some 
preliminary estimates and reduce the theorem to a statement about the rescalings 
of u. This statement is proved in section 5 using compactness. 

Next proposition was proved by Trudinger and Wang in [TW| . It states that 
the volume of Sh is proportional to /i"/^ and after an affine transformation (of 
controlled norm) we may assume that the center of mass of Sh lies on the 
Since our setting is slightly different we provide its proof. 
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Proposition 4.1. Under the assumptions of Theorem \3.1\ for all h < c{p), there 
exists a linear transformation ( sliding along Xn ~ 0) 

Ah{x) = X~ VXn, 

with 

Vn = 0, \v\ < C(p)/i"3(*rT 
such that the rescaled function 

u{Ahx) = u{x), 

satisfies in 

Sh := AhSh ^ {u<h} 

the following: 

(i) the center of mass of Sh lies on the 
(ii) 

(iii) the part of dSh where {u < h} is a graph, denoted by 
Gh^dShn{u<h}^{{x',gh{x'))} 

that satisfies 

9h<C{p)\x'\^ 

and 

^\x'f <u<2fi'^\x'^\ onGh. 

The constant fcg above depends on fi,X,A,n and the constants C{p),c{p) depend 
also on p. 

In this section we denote by c, C positive constants that depend on n, p, A, A. 
For simphcity of notation, their vahies may change from hne to hne whenever there 
is no possibihty of confusion. Constants that depend also on p are denote by c{p), 
C{p). 

Proof. The function 

V p\x'\'^ + -4^x1 ~ C{p)Xn 

is a lower barrier for u in Q D {xn < p} if C{p) is chosen large. 
Indeed, then 

V < u on dfl n {xn < p}, 
V < < u on fin {xn — p}, 

and 

detD'^v > A. 

In conclusion, 

V < u in n {xn < p}, 

hence 

(4.1) Sh n {x„ <p}ci{v<h}ci {xn > c{p){p\x'\'^ ~ h)}. 
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Let xj^ be the center of mass of Sh- We claim that 



n 



(4.2) xl-e„ >Co(/3)/i", a- 

n + I 

for some smah co{p) > 0. 

Otherwise, from (j4.ip and John's lemma we obtain 

Sh C {xn < C{n)coh°' < h"} n {\x'\ < Cih"^^}, 

for some large Ci = Ci{p). Then the function 

is a lower barrier for u in S*/! if co is sufficiently small. 
Indeed, 



and for all small h, 



w <exn+ + C(p)/ico-74 < A^NT < u on ^f^, 

and 

det D^w = 2A. 

Hence 

w < u in Sh, 

and we contradict that is the tangent plane at 0. Thus claim (j4.2p is proved. 
Now, define 

^' 

AhX = X — VXn, V 



^h ' ^" 

and 

u{Ahx) = u{x). 
The center of mass of Sh — AhSh is 

~ + A * 

^h — ^hXh 

and lies on the from the definition of Ah- Moreover, since x^ £ Sh, we see 

from (|iTl) - ((i:^ that 



(t* ■ P ^1/2 



and this proves (i). 

If we restrict the map Ah on the set on dfl where {u < h}, i.e. on 

dSh ndiic {xn < ^} n {\x'\ < Ch^'^} 

we have 

\AhX-x\ = \v\x^ < C(p)/i~"/2|a;f < c{p)h^\x'\, 

and part (iii) easily follows. 

Next we prove (ii). From John's lemma, we know that after relabeling the x' 
coordinates if necessary, 

(4.3) DhBi C Sh -i*h(Z C{n)DhBi 
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where 



fdi 

d2 



\0 







dnj 



Since 



we see that the domain of definition of contains a ball of radius (^ft,/2)^/^. This 
implies that 

di > cih^^"^ , i = — 1, 

for some ci depending only on n and /i. Also from (|4.2p we see that 

• e„ = a;^ • e„ > cn(p)h" 

which gives 

dn > c{n)xl ■ e„ > c{p)h" . 
We claim that for all small /i, 

n 

1=1 

with fco small depending only on /i,ri, A, which gives the left inequality in (ii). 
To this aim we consider the barrier, 

w = exn + { 'T 



We choose c sufficiently small depending on fi, n, A so that for all h < c{p), 

w < h on dSh, 
and on the part of the boundary Gh, we have w < u since 



w < exn H — ^Ix'l + ch 
<^|x'p + c/.C(n)^ 
<ti\xf + ch'-'^Cip)\xf 

Moreover, if our claim does not hold, then 

det D'^w = {2chy\Y[di)-^'' > A, 

thus w < u in Sh- By definition, ii is obtained from u by a sliding along x„ = 0, 
hence is still the tangent plane of u at 0. We reach again a contradiction since 
ii > w > eXn and the claim is proved. 
Finally we show that 

(4.4) < 

for some C depending only on A, n. Indeed, if 

V = h on dSh, 
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and 

detD^v = A 

then 

V > u > in 5/1. 

Since 

h > h-minv > c{n,X)\Sh\^/" 
we obtain the desired conclusion. 

□ 

In the proof above we showed that for all h < c{p), the entries of the diagonal 
matrix Dh from (|4.3p satisfy 

di > ch}^^ , i = 1, . . . n — 1 

dn > c{p)h°', a = — — 
n + I 

The main step in the proof of Theorem 11.11 is the following lemma that will be 
completed in Section 5. 

Lemma 4.2. There exist constants c, c{p) such that 
(4.5) dn > ch^'^, 

for all h < c{p). 

Using Lemma 14.21 we can easily finish the proof of our theorem. 

Proof of Theorem \l.l\ Since all di are bounded below by ch^^^ and their product 
is bounded above by Ch"'^^ we see that 

Gh^l'^ >di>ch^l'^ i = l,---,n 

for all h < c(p). Using ()4.3p we obtain 

Moreover, since 

i*h-en>dn>ch^''^, (^D' = 0, 

and the part Gh of the boundary dSh contains the graph of gh above \x'\ < ch^^^, 
we find that 

c/i^/^Si nfi c Sh, 

with Q = Ahi~l, Sh = AhSh- In conclusion 

ch^^^Bi nnc AhSh C Ch^'^Bi. 
We define the ellipsoid Eh as 

Eh ■.^A-\h^'^B^), 

hence 

cEhC^Ti^Sh C CEh. 



14 



O. SAVIN 



Comparing the sections at levels h and h/2 we find 

cS/j/a nH C CEh 
and we easily obtain the inclusion 

If we denote 

then the inclusion above implies 
which gives the desired bound 

Wh\<C\\ogh\ 

for all small h. 

□ 

In order to prove Lemma 14.21 we introduce a new quantity b{h) which is propor- 
tional to dnhr^/'^ and is appropriate when dealing with affine transformations. 

Notation. Given a convex function u we define 

Sh 

Whenever there is no possibility of confusion we drop the subindex u and use the 
notation h(h). 

Below we list some basic properties of h{h). 

1) If /ii < ft,2 then 

//nV <MM< (by 

WJ - b{h2) - \hj ■ 

2) A rescaling 

u{Ax) = u{x) 

given by a linear transformation A which leaves the Xn coordinate invariant does 
not change the value of b, i.e 

buih) = bu{h). 

3) If j4 is a linear transformation which leaves the plane {xn = 0} invariant the 
values of b get multiplied by a constant. However the quotients b(hi)/b{h2) do not 
change values i.e 

bujhi) _ bujhi) 
bu{h2) 6«(/i2)' 

4) If we multiply m by a constant, i.e. 

u{x) = /3u{x) 

then 

bi,{(3h) ^ p-^/^bu{h), 
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and 



From (|4.3p and property 2 above, 

c(n)d„ < h{h)h^l^ < C{n)dn, 

hence Lemma 14.21 will follow if we show that b{h) is bounded below. We achieve 
this by proving the following lemma. 

Lemma 4.3. There exist co, c(p) such that if h < c{p) and b{h) < cq then 
for some t £ [cq, 1] . 

This lemma states that if the value of h{h) on a certain section is less than a 
critical value cq, then we can find a lower section at height still comparable to h 
where the value of h doubled. Clearly Lemma 14.31 and property 1 above imply that 
h(h) remains bounded for all h small enough. 

The quotient in (|4.6p is the same for u which is defined in Proposition 14. II We 
normalize the domain Sh and u by considering the rescaling 

v(x) = -U{h^'^Ax) 
h 

where A is a multiple of Dh (see (|4.3p ). A = jDh such that 

detA= 1. 

Then 

< ^ < ch-^/^, 

and the diagonal entries of A satisfy 

cii ^ c, i = 1, 2, ■ • • , n — 1, 
cbu{h) < On < Cbu(h). 

The function v satisfies 

A < det D'^v < A, 

v>Q, vifi) = 0, 
is continuous and it is defined in Cl^ with 



Then 



for some x* , and 



{i; < 1} = h-^''^A~^Sh. 
X* +cBi cQyC CB+, 



ct''/'^ <\St{v)\< Cf^''^, Vi < 1, 
where St(v) denotes the section of v. Since 

u — h in dSh H {a;„ > C(p)/i}, 
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then 

v = l on (9r2„ n {xn > cr}, o- := C{p)h^-". 

Also, from Proposition 14.11 on the part G of the boundary of dily where {v < 1} 
we have 

^ n—l n—1 

(4.7) -^lY^a^.x^, <v<2fi-'Y.''^^l 

i=l i=l 

In order to prove Lemma l4.3l we need to show that if ct, a„ are sufficiently small 
depending on n, fj,, A, A then the function v above satisfies 

(4.8) b,it) > 26„(1) 
for some I > t > cq. 

Since a < 1, the smallness condition on a is satisfied by taking h < c{p) suf- 
ficiently small. Also an being small is equivalent to one of the at, 1 < i < n — 1 
being large since their product is 1 and Ui are bounded below. 

In the next section we prove property (j4.8p above by compactness, by letting 
(7 — 5- 0, — oo for some i (see Proposition lS.ip . 

5. Proof of Theorem 13. II II 

In this section we consider the class of solutions v that satisfy the properties 
above. After relabeling the constants fi and a^, and by abuse of notation writing u 
instead of v, we may assume we are in the following situation. 

Fix fj, small and A, A. For an increasing sequence 

ai < 0-2 < ■ ■ ■ < a-n-i 

with 

ai > A*, 

we consider the family of solutions 

u e 2?^(ai, a2, . . . , an-i) 
of convex functions u : $7 — > R that satisfy 

(5.1) A < det D'^u < a in f7, < it < 1 in f]; 

(5.2) e dfl, B^{xo) C C -6+,^ for some xq] 

(5.3) Ai/i"/' < \Sh\ < M^'/i"/'. 
Moreover we assume that the boundary dfl has a closed subset G 

(5.4) G c {xn <a}r\dn 

which is a graph in the e„ direction with projection 7r„(G') C M"^^ along e„ 

n—1 n—1 

(5.5) { < 1 } C ^n(G) C { M 51 < 1 }' 

1 1 

and (see Definition 12. 5p . the boundary values of u ~ (p on dH. satisfy 

(5.6) ip=l ondn\G; 
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and 

n—1 n—1 

(5.7) n^afxf < If <mm{l, fi'^^afx^} on G. 

1 1 
In this section we prove 

Proposition 5.1. For any M > there exists G* depending on M, fi, X, A,n such 
that if u ^ 2?^(ai, 02, ... , On-i) with 

On-i > G*, a < G~^ 

then 

b{h) = (supx„)/i"^/2 > M 

Sh 

for some h with C^^ ^ h < 1. 

Property (j4.8p (hence Theorem lS.ip . easily follows from this proposition. Indeed, 
by choosing 

M = 2fi-^ > 26(1) 

in Proposition 15 . 1 1 we prove the existence of a section Sh with h > cq such that 

b{h) > 2&(1). 

Clearly the function v of the previous section satisfies the hypotheses above (after 
renaming the constant /i) provided that a, an are sufficiently small. 

We prove Proposition 15 . 1 1 bv compactness. We introduce the limiting solutions 
from the class 'D'^{ai, . . . , a„_i) when ak+i — >■ 00 and u — >■ 0. 

If /i < oi < . . . < Ofc, we denote by 

2?Q (fli, . . . , flfc, 00, 00, . . . , 00), 0<fc<n — 2 
the class of functions u that satisfy properties (|5.1|) - ()5.2p - (j5.3|) with, 

(5.8) Gc{a;, =0, i>k}r]dVL 

and if we restrict to the space generated by the first k coordinates then 

k k 

(5.9) { < 1 } C G c { A* 5] ajxj < 1 }. 

1 1 

Also, u — if on dfl with 

(5.10) ip=l ondn\G; 

k k 

(5.11) A.^a2a;2 <^<min{l, ^^^i^a^a.^} on G. 

1 1 
The compactness theorem (Theorem 12.71) implies that if 

Ura e D^^{a^ ,...,a„_i) 

is a sequence with 

fm and flfe+i 00 
for some fixed < fc < n — 2, then we can extract a convergent subsequence to a 
function u (see Definition 12. 3p with 

u G £'(^(ai, .., a;, 00, .., cxd), 

for some / < k and ai < . . . < a; . 
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Proposition 15. II follows easily from the next proposition. 

Proposition 5.2. For any M > and < k < n — 2 there exists Ck depending on 
M, fi, A, A, n, k such that if 

(5.12) u e I?o (ai, . . . , flfc, cx), . . . , oo) 
then 

b{h) = (supx„)/i-i/2 > 

Sh 

for some h with Ck < h < I. 

Indeed, if Proposition 15.11 fails for a sequence of constants C* — > oo then we 
obtain a limiting solution u as in ()5.12|) for which b(h) < M for all h > 0. This 
contradicts Proposition 15.21 fwith M replaced by 2M). 

We prove Proposition 15.21 by induction on k. We start by introducing some 
notation. 
Denote 

x={y,z,Xn), y={xi,...,Xk)eR'', z = (xfc+i, . . . , a;„_i) G M""^"'=. 

Definition 5.3. We say that a linear transformation T : R" — )■ M" is a sliding 
along the y direction if 

Tx := X + ViZi + V2Z2 + . . . + Vn-k-lZn-k-l + Vn-kXn 

with 

i/i,z/2, ■ . -.y-n-k e span{ei, . . . ,6^} 

We see that T leaves the (z, x„) components invariant together with the subspace 
(y, 0, 0). Clearly, if T is a sliding along the y direction then so is T^^ and 

detT = 1. 

The key step in the proof of Proposition 15.21 is the following lemma. 
Lemma 5.4. Assume that 

u > p{\z\ - qxn), 

for some p,q > and assume that for each section Sh of u, h (0, 1), there exists 
Tfi a sliding along the y direction such that 

ThSh C Coh^'^Bt, 

for some constant Co ■ Then 

u D^(l,...,l,oo,...,oo). 

Proof. Assume by contradiction that u G Dq and it satisfies the hypotheses with 
q ^ Qo for some qq. We show that 

(5.13) u > p'{\z\ - q'xn), q' = q~7j, 

for some < p' ^ p, where the constant 77 > depends only on qg and /i, Co, A, n. 
Then, since q' < qo, we can apply this result a finite number of times and obtain 

u > e{\z\ + Xn), 

for some small e > 0. This gives Sh C {x„ < e~^h} hence 

ThSh C {xn < e-^h} 
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and by the hypothesis above 

and we contradict (I5.3p . 

Now we prove (I5.13p . Since u G -Dq as above, there exists a closed set 

Gh C dSh n {z = 0, xn = 0} 

such that on the subspace {y, 0, 0) 

{f^-^\y\^ <h}cGHC{fi\y\^ <h}, 

and the boundary values iph of u on satisfy (see Section 2) 

(fih^ h on 95/1 \ G^; 

m|2/|^ < 'i^'i < min on Gh- 

Let w be a rescaling of u, 

for some small h a. Then 

5iH := n^, = h-^/^ThSh C 
and our hypothesis becomes 

(5.14) w>-^i\z\-qxn). 
Moreover the boundary values tpw of w on dflw satisfy 

ipw = I on 9ri,„ \ Gn, 
M|y|' min{l,/i-i|y|2} on G„ /^-^/'G,,. 

Next we show that (pw > v on dflw where v is defined as 

V := S\x\'^ + g^i^i - l^nf + N{zi - qxn) + 5x„, 
and 6 is small depending on /i and Go, and N is chosen large such that 



Sn-l 

is increasing in the interval \t\ < (I + qo)Co- 
From the definition of v we see that 

detD^u > A. 

On the part of the boundary dflw where zi < qxn we use that Clw C i?Co ^nd 
obtain 

V < (5(|xp + Xn) < LPw 

On the part of the boundary where zi > qXn we use (j5.14p and obtain 

1 = ipyj> C{\z\ - qXn) > C{zi - qXn) 

with G arbitrarily large provided that h is small enough. We choose G such that 
the inequality above implies 

^(zi - qxn f + N{zi - qXn) < ^■ 
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Then 

ip^ = 1> - + + Xn) > V. 

In conclusion ip^ > v on dQw hence the function w is a lower barrier for w in 
f2iu. Then 

w > N{zi - qXn) + SXn 
and, since this inequality holds for all directions in the z-plane, we obtain 

w> N{\z\~ {q~r])xn), ^ ]v' 

Scaling back we get 

u > p'i\z\ - {q - r])xn) in 5/1. 

Since u is convex and u(0) — 0, this inequality holds globally, and (|5.13p is proved. 

□ 

Lemma 5.5. Provosition \5.S\ holds for k — 0. 

Proof. By compactness we need to show that there does not exist u G Pq (oo, . . . , oo) 
with b(h) < M for all h. If such u exists then G — {0}. Let 

v:=S{\x'\ + ^\x'\^) + ^xl-Nx^ 
with S small depending on /j, and N large so that 

-NXn<Q 

in Bt/ ■ Then 

v<ip ondn, detD'^v>A, 

hence 

V < u in Q. 

This gives 

u > d\x'\ - NXn, 

and we obtain 

Sh C {\x'\ < C{x,, + h)}. 

Since b{h) < M we conclude 

and we contradict Lemma 15.41 for fc = 0. 

□ 

Now we prove Proposition 15 . 21 by induction on fc. 

Proof of Proposition 1 5. 21 In this proof we denote by c, C positive constants that 
depend on M, /i, A, A, n and fc. 

We assume that the proposition holds for all nonnegative integers up to fc — 1, 
1 < fc < n — 2, and we prove it for fc. Let 

u e Z^o (ai, . . . ,afc, oo, . . . , oo). 

By the induction hypotheses and compactness we see that there exists a constant 

Cfc(^,M,A,A,n) 



POINTWISE C^'° ESTIMATES 



21 



such that if at > Ck then b{h) > M for some h > C^^ . Thus, it suffices to consider 
only the case when ak < Cu- 
ll no Cfc+i exists then we can find a Umiting solution that, by abuse of notation, 
we still denote by u such that 



(5.15) 

with 

(5.16) 



u e X'^(l,l,...,l,oo,...,oo) 



h{h) < Mh^'"^, V/i > 



where jl depends on /j, and Ck. 

We show that such a function u does not exist. 
Denote as before 

x^{y,z,Xn), v= {xi,...,Xk) eM!', z = {xk+i,. ■ . ,Xn-i) e 

On dVl we have 

ip{x) > + S\z\ + -^xl - NXn 

where S is small depending on //, and N is large so that 



-i-fc 



A 



Xt - NXn < 



in B^/f^- As before we obtain that the inequality above holds in 51, hence 

(5.17) u{x)>5\z\-Nxn. 

From (|5.16p - (|5.17p we see that the section Sh of u satisfies 

(5.18) Sh C {|z| < 5~^{Nxn + h)} n {xn < Mh^/'^}. 

From John's lemma we know that Sh is equivalent to an ellipsoid Eh of the same 
volume i.e 



(5.19) 



c{n)Eh C Sh ~xlc C{n)Eh, \Eh\ = \Sh\, 



with a;,* the center of mass of Sh- 

For any ellipsoid Eh in K" of positive volume we can find Th , a sliding along the 
y direction (see Definition I5.3p . such that 



(5.20) 



ThEh = is„r/"ABi, 



with a matrix A that leaves the (j/,0, 0) and (0,2;,x„) subspaces invariant, and 
det A — I. By choosing an appropriate system of coordinates in the y and z 
variables we may assume in fact that 



A(y, z,x„) = {Aiy,A2{z,Xn)) 



ith 



Ai = 



fPi ••• 0\ 
/32 ••• 



\0 



f3kj 



with < /3i < • ■ • < and 



22 



O. SAVIN 



/7/C+1 
7fc+2 



A. 



ek+i\ 

Ok+2 



0„ / 





V 

with 7j, > 0. 

The /i section St — TjiSh of the rescaling 

u{x) = u(T,7^a;) 

satisfies (|5.18p and since m G V^, there exists G/i = Gh, 

Gh C {z = 0,x„ = 0}n55?, 

such that on the subspace {y, 0, 0) 

{^^-^\y? <h}clGh^{^^\y\' <h}, 

and the boundary values (ph of u on dSh satisfy 

(Ph = h on 95/1 \ Gh.; 

mIj/P < < niin{/i,A*"^l2/P} on G/j. 
Moreover, using that 

in ([QUI) and that G dSh, we obtain 

(5.21) + ch^/^ABi c 5,, c Ch^^^ABi, det ^ = 1, 

for the matrix A as above and with aijj the center of mass of Sh- 

Next we use the induction hypothesis and show that Sh is equivalent to a ball. 

Lemma 5.6. There exists Cq such that 

ThSh ^ShC Coh^/^B+. 

Proof. We need to show that 

\A\ < C. 

Since Sh satisfies (|5.18p we see that 

Sh C {\{z,x^)\ < Ch^'^}, 
which together with the inclusion (|5.2ip gives \A2\ < C hence 

7„0„<c, \ej\<c. 

Also, since 
we find from (|5.2ip 

We define the rescaling 



Gh C Sh, 
> c > 0, i = 1, ■ • ■ , fc. 



w{x) ^ -u{h^'^Ax) 
h 

defined in a domain — Si{w). Then (|5.2ip gives 

Bc{xo) Cfl^C B+, 
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and w — ipw on dflw with 

iPw = l ondny,\Gyj, 
k k 

M l^i^i <^w< min{l, /i-i Yl ^i^i} 0° •= h-^^^A-^Gh. 
1 1 
This implies that 

w e D^(/3i,/32,...,/3fe,C)0,...,oo) 

for some small fl depending on /x, M, A, A, n, k. 
We claim that 

bu{h) > c*. 

First we notice that 

bu{h) = bu{h) ~ 6„. 

Since 

and 

li < c, 

we see that if 6„(/i) (and therefore becomes smaller than a critical value c* then 

^fe >Cfc(/x,M,A,A,n), 
with M := 2/i~^, and by the induction hypothesis 

b^{h) >M> 26^(1) 

for some h > C^^. This gives 

bu(hh) ^ bwiji) ^ 
bu{h) 6^(1) - ' 

which implies bu{hh) > 2bu{h) and our claim follows. 

Next we claim that 7^ are bounded below by the same argument. Indeed, from 
the claim above On is bounded below and if some 7^ is smaller than a small value 
c* then 

/3fe > Ck{fi,Mi,X,A,n) 

with 

2M 

Ml := - — . 

By the induction hypothesis 



hence 



b^h) > Ml > —b^l), 



bu{hh) ^ 2M 



bu{h) c* 

which gives bu{hh) > 2M, contradiction. In conclusion 6n, 7j are bounded below 
which implies that /3i are bounded above. This shows that \A\ is bounded and the 
lemma is proved. 

□ 
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End of the proof of Proposition \5.Si 

The proof is finished since Lemma [5.61 (|5.15p . (|5.f 7|) contradict Lemma [531 

□ 

6. POGORELOV ESTIMATE IN HALF-DOMAIN 

In this section we obtain a version of Pogorelov estimate at the boundary (The- 
orem [63] below). A similar estimate was proved also in |TW| . We start with the 
following a priori estimate. 

Proposition 6.1. Let u : fi — > R, m e C"'(f2) satisfy the Monge- Ampere equation 

det D'^u = 1 inV,. 
Assume that for some constant k > 0, 

and 

( u = on dnn{xn =0} 

I w = l on diln {xn > 0}. 

Then 

||u|lc3,i({„<Jjfc2|) < C{k,n). 

Proof. We divide the proof into four steps. 
Step 1: We show that 

I Vu| < C{k, n) in the set D -.^ {u < k^/2}. 

For each 

xo G {\x'\ < k, Xn = 0}, 

we consider the barrier 

Wxoix) ■■= ^\^q\^ + xo-{x- xq) + S\x' - + S^^'^-ixl - k~^Xn), 
where S is small so that 

Wxo < 1 in B^-i- 

Then 

Wxoixo) ^ u{xo), Wx„<u on dnr]{xn = 0}, 
Wxo < I — u on dfl n {xn > 0}, 

and 

detD^W;^;, > 1, 

thus in n 

U > Wxo — u{xo) + Xq ■ {x — Xq) — S^~"k~^Xn- 

This gives a lower bound for zi„(xo). Moreover, writing the inequality for all xq 
with |a;o| — k we obtain 

DC{Xn> C{\x'\-k)}. 

From the values of u on {x„ — 0} and the inclusion above we obtain a lower bound 
on Un on dD in a neighborhood of {xn — 0}. Since Q contains the cone generated 
by fce„ and {|a;'| < l,a;„ = 0} and u < 1 in fl, we can use the convexity of u 
and obtain also an upper bound for u„ and all \ui\, 1 < i < n — I, on dD in a 
neighborhood of {xn — 0}. We find 

|Vw| < C on dDr\{xn<co}, 
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where co > is a small constant depending on k and n. We obtain a similar bound 
on dD n {xn > Co} by bounding below 

dist{dDn{xn > co},dfl) 

by a small positive constant. Indeed, if 

yedfin{xn> Co/2}, 

then there exists a linear function ly with bounded gradient so that 

"^{y) = ^ ^ oil 

Then, using Alexandrov estimate for {u — ly)~ we obtain 

u{x) > ly{x) - Cd{xy/"-, d{x) := dist{x, dCi) 
hence D stays outside a fixed neighborhood of y. 

Step 2: We show that 

\\D'^u\\ < C{k, n) on E := {a;„ = 0} n {|a;'| < k/2}. 
It suffices to prove that are bounded in E with i = 1, ..,n — 1. Let 

Lip := u^-'ipij 

denote the linearized Monge- Ampere operator for u. Then 

Lui = 0, Ui=Xi on {a;n = 0}, 
Lu = n, 

and if we define P{x) = 5\x'\'^ + (5^~"a;^ then 

LP = Tr{{D^u)-'^D^P) 

> n (det(£)2u)-Met £>2p) " 

> n. 

Fix X(j G E. We compare and 

Vxa{x) := Xi + 71 [(5|a;' - ccop + (5^~"(a;^ - 72a;„) - (« - Z^^o)] : 

where Ix^ denotes the supporting linear function for u at xq, 5 = 1/4, and 71, 
72 > 0. Clearly, 

LVa:o > 0, 

and, since u is Lipschitz in D we can choose 71 , 72 large, depending only on k and 
n such that 

^ on dD. 

This shows that the inequality above holds also in D and we obtain a lower bound 
on Uin{xo)- Similarly we obtain an upper bound. 

Step 3: We show that 

IID^mII <C on {u< A;V8}. 
We apply the classical Pogorelov estimate in the set 

F:={u< fcV4}. 
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Precisely if the maximal value of 



log I ifc^ - M ) + \0gUii + l-uf 



occurs in the interior of F then this value is bounded by a constant depending only 
on n and max^^- |Vm| (see |C2] ). From step 2, the expression is bounded above on 
dF and the estimate follows. 

Step 4- The Monge-Ampere equation is uniformly elliptic in {u < and by 

Evans-Krylov theorem and Schauder estimates we obtain the desired C^'^ bound. 

□ 

Remark 6.2. Assume the boundary values of u are given by 

u — p{x') on dfir\{xn = 0} 
u — 1 ondil n {x„ > 0}, 

with p{x') a quadratic polynomial that satisfies 

p\x'\' <p{x')<p''\x'\\ 

for some p > 0. Then 

||w|lc3,i({„<Jj.fe2}) < C{p,k,n). 

Indeed, after an afhne transformation we can reduce the problem to the case 
p{x') = |xf/2. 

Remark 6.3. Proposition 16.11 holds as well if we replace the half-space {xn > 0} 
with a large ball of radius e^^ 

B, :={|x-e-ie„| <£-!}. 

Precisely, if 

Bk n Be cnc Bk-i nBe, 

and the boundary values of u satisfy 

u=\\x'\'^ on Bir\dBe^dn 
ue[l,2] on (Bi naSe), 

then for all small e, 

Il^llc3.1({u<fc2/16}) - ^' 

with C depending only on k and n. 

The proof is essentially the same except that in the barrier functions , v^g 
we need to replace Xn by (x — a;o) • Vxq where denotes the inner normal to 
at X{), and in step 2 we work (as in JCNS|) with the tangential derivative 

T^ := (1 - exn)dx, + exidx^, 

instead of 9a;;. 

As a consequence of the Proposition 16.11 and the remarks above we obtain 
Theorem 6.4. Let m : 17 — )■ M satisfy the Monge-Ampere equation 

detD'^u = 1 inO.. 
Assume that for some constants p,k > 0, 
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and (see Definition \2.5\) the boundary values of u are given by 

f u = p{x') on {p{x') < 1} n {xn ^0} Cdn 
\ u = 1 on the rest of dil, 

where p is a quadratic polynomial that satisfies 

p\x'\^ <p{x') < p-'\x'\\ 

Then 

(6-1) Mc^-HB+) ^ 

with Co > small, depending only on k, p and n. 

Proof. We approximate u on dfl by a sequence of smooth functions Um on dflm, 
with n„i smooth, uniformly convex, so that Um, satisfy the conditions of Remark 
16.31 above. Notice that m,„ is smooth up to the boundary by the resuhs in |CNS) , 
thus we can use Proposition 16. II for Um- We let m oo and obtain (|6.ip since 

B+ C{u< fcVl6}, 

by convexity. 

□ 

7. POINTWISE C^'" ESTIMATES AT THE BOUNDARY 

Let be a bounded convex set with 

(7.1) Bpipen) C n c{xr,>0}nBi, 

p 

for some small p > 0, that is 57 C (M")+ and contains an interior ball tangent to 
dfl at 0. 

Let M : M be convex, continuous, satisfying 

(7.2) detD^u^f, 0<A</<A in 17, 
and 

(7.3) Xn+i = is a tangent plane to u at 0, 
in the following sense: 

M > 0, u(0) = 0, 
and any hyperplane Xn+i = sxn, e > is not a supporting plane for u. 

We also assume that on dH., in a neighborhood of {xn ~ 0}, u separates quadrat- 
ically from the tangent plane {xn+i = 0}, 

(7.4) p\x\'^ <u{x) < p^^\x\'^ on dnr\{xn < p}. 
Our main theorem is the following. 

Theorem 7.1. Let il, u satisfy (|7.ip - (|7.4p above with f G C" at the origin, i.e 

\f[x)^ fm<M\xr m nn Bp, 

for some M > 0, and a G (0, 1). Suppose that dfl and u|gsi o,re C^'" at the origin, 
i.e we assume that on dfl D Bp we satisfy 

\Xn-qix')\<M\x'\^+", 

\u-p{x')\ < Af|xf 
where p{x'), q{x') are quadratic polynomials. 
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Then u G C^'" at the origin, that is there exists a quadratic polynomial Vo with 
detD^Vo = f{Q), \\D^Vo\\<C{M), 

such that 

|u-Po| < C(M)|a;p+« in nCiBp, 
where C{M) depends on M, p, \, A, n, a. 

From (17. ip and (|7.4p we see that p, q are homogenous of degree 2 and 

\\dMA\dW\<p-\ 

A consequence of the proof of Theorem 17.11 is that if / G C° near the origin, 
then u G C^^" in any cone Ce of opening < 7r/2 around the a;„-axis i.e 

Ce := {x e (M")+| \x'\ < Xntaii9}. 
Corollary 7.2. Assume u satisfies the hypotheses of Theorem \7.1\ and 

ll/llc"(a) < M. 
Given any 9 < 7r/2 there exists S(M,9) small, such that 

\\u\\c2.^^CenBs)<C{M,9). 
We also mention the global version of Theorem 17.11 

Theorem 7.3. Let be a bounded, convex domain and let u : Q M. be convex, 
Lipschitz continuous, satisfying 

det D^u = /, < A < / < A inn. 

Assume that 

dn, u\9n e c^'", / G c"{n), 

for some a £ (0,1) and there exists a constant p > such that 

u{y) — u(x) — Vu(x) ■ {y — x) > p\y — Vx, y G dQ, 

where Vu(a;) is understood in the sense of (|7.3[) . Then u G C^'"(r2) and 

with C depending on \\dn\\c2.c, \\u\on\\c'2,c, \\u\\co.^q), ||/||c"(n); P, ^, ^, n, a. 

In general, the Lipschitz bound is easily obtained from the boundary data M|aa. 
We can always do this if for example is uniformly convex. 

The proof of Theorem 17.11 is similar to the proof of the interior C^'" estimate 
from }C2] . and it has three steps. First we use the localization theorem to show 
that after a rescaling it suffices to prove the theorem only in the case when M is 
arbitrarily small (see Lemma l7.4p . Then we use Pogorelov estimate in half-domain 
(Theorem 16. 4p and reduce further the problem to the case when u is arbitrarily 
close to a quadratic polynomial (see Lemma l7.5p . In the last step we use a standard 
iteration argument to show that u is well-approximated by quadratic polynomials 
at all scales. 

We assume for simplicity that 

/(O) = 1, 

otherwise we divide u by /(O). 

Constants depending on p, A, A, n and a are called universal. We denote them 
by C, c and they may change from line to line whenever there is no possibility of 
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confusion. Constants depending on universal constants and other parameters i.e 
M, CT, S, etc. are denoted as C{M,a,S). 

We denote linear functions by l{x) and quadratic polynomials which are homoge- 
nous and convex we denote by p{x'), q{x'), P{x). 

The localization theorem says that the section Sh is comparable to an ellipsoid 
Eh which is obtained from 3^1/2 by a sliding along {xn = 0}. Using an affine 
transformation we can normalize Sh so that it is comparable to Bi. In the next 
lemma we show that, if h is sufficiently small, the corresponding rescaling Uh satisfies 
the hypotheses of u in which the constant M is replaced by an arbitrary small 
constant a. 

Lemma 7.4. Given any a > 0, there exist small constants h — ho{M,a), k > 
depending only on p, X, A, n, and a rescaling of u 

Uh{x) := ^ — - 

h 

where Ah is a linear transformation with 

det^^ = l, \\Al% IIAII <fc-i|log/i|, 

so that 
a) 

Bk n ^h C Si{uh) C B+_,., Si{uh) := {uh < 1}, 

det D'uh = fh, \fhix)-l\<a\x\" m ri^nSfc-i, 
c) On dflh n -Bfe-i we have 

\xn-qh{x')\<<j\x'\^+", \qh{x')\<a, 

\uh-p{x')\<a\x'\^+'', 
where qh is a quadratic polynomial. 

Proof. By the localization theorem Theorem 13. 11 for all h < c, 

Sh := {u <h}r\n, 

satisfies 

kEhnncShCk-^Eh, 

with 

Eh = Ay^^Bhi/2, AhX = X - VhXn 
Vh-e.n^Q, \\Al\ \\Ah\\ <k-^\\ogh\. 
Then we define Uh as above and obtain 

Si{uh) = h-^I^AhSh, 

hence 

BkC^nh c Si{uh) c 1, 

where 

^h h-^/'^Ah^. 

Then 

AeiD^Uh^ fh{x) ^ fih^'^A^^x), 
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and 

\fk{x) - 1| < M\h'^'A^'xr 

< M{h^/^k-^\\ogh\)"\x\" 

if ho (M, a) is sufficiently small. 

Next we estimate |x„ — h^/^q{x')\ and \uh —p{x')\ on dflh H-B/j-i. We have 

X e dflh ^ y-= h^^'^A^^x G O, 

or 

h^^'^Xn = Vn, h^^'^x' = y' - VhVn- 

If \x\ < k-'^ then 

|y| < k-^h'^/^\\ogh\\x\ < 
if ho is small hence, since SI has an interior tangent ball of radius p, we have 

\yn\<p-W. 

Then 

Whyn\<k-'\logh\\y'\^ <\y'\/2, 

thus 

< \h'^'x'\ < l\y'\. 

We obtain 

\xn - h'/^q{x')\ < h-'^'\y„ - qiy')\ + h^'Mh-^'Y) " 

< M/l-l/2|yf +" + Ch^/^ {\x'\\vhXn\ + WhXn?) 

< 2M/i("+i)/2|xf + {h^n\\ogh\\x'f + h\ \ogh\^\x't) 

if ho is chosen small. Hence on dQ.h n -Bfe-i, 

k„ - qh{x')\ < C7|a;f +«, 9,, := h^l\{x\ 

\qh\ < cr, 

and also 

\uh-p{x')\ < h-My)-p{y')\ + \p{h-^'y)-p{x')\ 

< M/l-l|yf +« + C {\x'\\VhXn\ + HXn?) 

< 2M/l«/2|2.'|2+a ^ ^ J^^l/2| ^1 1^,|3 ^ ^1 log /i|2|a./|4^ 



□ 



In the next lemma we show that if a is sufficiently small, then Uh can be well- 
approximated by a quadratic polynomial near the origin. 
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Lemma 7.5. For any 5o, sq there exist <7o(6o,Sa), /io(£o) such that for any function 
Uh satisfying properties a), h), c) of Lemma \7.4\ with a < ao we can find a resettling 

^(^) — ^2 ' 

with 

lh{x) = jhXn, \jh\ <Co, Co universal, 

that satisfies 
a) in D, n Bi, 

det D^u^f, |/(a;) - 1| < (5oeokr f^nSi, 

and 

lu - Po\ < £o in n Bi, 
for some Pq, quadratic polynomial, 

detD^Po^l, \\D^Po\\<Co; 

h) On dfl n Bi there exist po, qq such that 

\xn - qo{x')\ < (5o£o|a;'P+", \qaix')\ < SqEo, 

and 

\u-poix')\<Soeo\x'\^+'', 
poix') = Po{x'), ^\x'\^ <poix')<2p\x'\'. 

Proof. We prove the lemma by compactness. Assume by contradiction that the 
statement is false for a sequence Um satisfying a), b), c) of Lemma [73] with am ~> 0. 
Then, we may assume after passing to a subsequence if necessary that 

Pm Poo, uniformly on B^-i, 

and 

Um : Si{Um) ^ K 

converges to (see Definition 12. 3p 

Then, by Theorem 12. 6[ Moo satisfies 

B+ dfl^C B+_, , det D^uoo = 1, 

"oo = Pcx>(a;') on {poo{x') < 1} n {x„ = 0} C diloo 
Uoo = 1 on the rest of dfloo- 
From Pogorelov estimate in half-domain (Theorem 16. 4p there exists cq universal 
such that 

\uoo - loo ~ Pool < c^^\x\^ in B+, 

where 

^oo • — ^ooXn, I Too I ^ ^0 ' 

and Poo is a quadratic polynomial such that 

Pooix') = Pooix'), detD^P^ = 1, WD^PooW < Co 
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Choose Ho small such that 

Co Vo = £o/32, 

hence 

|uoo - loo- Poc\ < ^£0/^0 in -BJ^o, 
which together with pm Poo implies that for all large m 



1 

^oo ^oo I ^ 

Then, for all large m, 



^oo - -Poo I < ^eoMo in Si{um) n B+jj . 



• — 9 

Mo 

satisfies in Ctm H Si 

I < £o/2, 

and 

detD^Wm = /m(a;) = fmifJ-ax), 
\f,n{x) - 1| < crm(Aio|a;|)" < (5o£o|a;r. 

We define 

Qm • Mo 9m: Pm ■ Pm TooQ'm; 

and clearly 

Pm Poo, Qm ->0 uniformly in Bi. 
On dftm n Bi we have 

\xn - qm{x')\ = ^J-o^\^J'OXn - qmi^J■ox')\ 

< Mo^^™lMoa;T"^" 

< 5oeokf 

and 

l-Sm -Pm{x')\ = Ho^\{Urn - loo){pox) - Pmipox') + looq7ni^J■ax')\ 

(mox')I) 

<a™^o"(l + l7oo|)lxf+" 

<5oeok?+"- 

Finally, we let Pm be a perturbation of Poo such that 

Pm{x') = Pm{x'), detD'^Pm = l, Pm-^Poo Uniformly in Bi . 

Then Um, Pm, pm, Qm Satisfy the conclusion of the lemma for all large m, and 
we reached a contradiction. □ 

From Lemma l7.4l and Lemma l7.5l we see that given any Sq, Sq there exist a linear 
transformation 

and a linear function 

l{x) := jx„ 

with 

|7U|T-i,l|T|| <C(M,5o,£o), 
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such that the rescahng 

^ ' (dctr)2/" ' 

defined in C K." satisfies 

1) in n Bi 

det D^u^f, <<5oeo|a;r, 

and 

\u - Po\ < £0, 

for some Pq with 

detD^Po^l, \\D^Po\\<Co; 

2) on dfl n Bi we have p, q so that 

\Xn - q{x')\ < (JoeoNf \q{x')\ < 5oeo, 

\u-p{x')\ < (^oeol^f f < Pix') = Poix') < 2p\x'\\ 

By choosing (5o, £o appropriately small, universal, we show in Lemma 17.61 that 
there exist Z, P such that 

\u-l^ P\<C\x\^+" in nr\Bi, and |V[|, HL'^PH < C, 

with C a universal constant. Rescaling back, we obtain that u is well approximated 
by a quadratic polynomial at the origin i.e 

\u-l~ P\<C{M)\x\'^+°' in Vir\Bp, and \\D^ P\\ < C{M) 

which, by (|7.3I) , proves Theorem 17. II 

Since a £ (0,1), in order to prove that u S C^'"(0) it sufhccs to show that ii 
is approximated of order 2 + a by quadratic polynomials Z„j + P„j in each ball of 
radius r™ for some small ro > 0, and then Z + P is obtained in the limit as m oo 
(see [C2| . jCC| ). Thus Theorem 17. II follows from the next lemma. 

Lemma 7.6. Assume u satisfies the properties 1), 2) above. There exist Eq, 5q, tq 
small, universal, such that for all m > we can find l„i, Pm so that 

\u - l,n - P,n\ < £or'^^°' in ^CiBr, with r ^ r^ . 

Proof. We prove by induction on m that the inequality above is satisfied with 

Im — ^TnXri: It^tiI — li 



0- 



P,n{x') = p[x') ~ l,nq{x'), dct D^P,n = 1, < 2Q 

From properties 1),2) above we see that this holds for m = with 70 = 0. 
Assume the conclusion holds for m and we prove it for m + 1. Let 



. ^ (m - lni)irx) 
v{x) ^ — -, with r := r^^ , 



and define 



Then 

(7.5) \v-Pm\<e in flytlBi, fly -.^ r^^Q, 

Idetl^^w- 1| = \ f{rx) - 1| < dos. 
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On dflv n Bi we have 

q{x) \rxn ~ q{rx )\ 

r 

< Soe, 

which also gives 

(7.6) |x„|<2(5oe on dn^HBi. 

From the definition of v and the properties of Pm we see that in Bi 

\v - P„i\ < r^^\{u - p){rx)\ + \jm\\xn/r - q\ + 2nCo|x„|, 
and the inequahties above and property 2) imply 

(7.7) \v - Pml < CiSoe in dfl,nBi, 

with Ci universal constant (depending only on n and Co). 
We want to compare v with the solution 

w : B+ g M, det D^w = 1, 

which has the boundary conditions 

{W = V on n 
w ^ Prn on 9B+^g\f2„. 

In order to estimate |u — wj we introduce a barrier (j) defined as 

<f> : B,/2 \ Bi/4 ^ M, <f>{x) := c(/3) (4^ - \x\-^) , 

where c(/3) is chosen such that = 1 on dBi/2 and </) = on dBi//^. 

We choose the exponent /? > depending only on Co and n such that for any 
symmetric matrix A with 

(2Co)^""/ <A< (2Co)""^/, 

we have 

TrA{D^(j}) < -rio < 0, 
for some 770 small, depending only on Co and n. 

For each y with ?/„ = —1/4, \y'\ < 1/8 the function 

(l)y(x) Pm + e{Cid + <j){x - y)) 

satisfies 

det D^(j)y < 1 - ye in By^iv) \ Byi{y), 
if £ < £0 is sufficiently small. From (|7.5p . (|7.7p we see that 

v<(t)y on 9(f^i, n Bi/2(y)), 

and if 6q < 770/2, 

detD^u > detD^^j^. 

This gives 

v<(f>y in flyf] Bi/2iy), 
and using the definition of w we obtain 

w < (j)y on dBy^. 
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The maximum principle yields 



w < 4>y in Bjyg, 



and by varying y we obtain 



w{x) <Pm+ £{Ci5q + Cxn) in B+^g. 
Recalling ()7.6p . this implies 

w - Pm < 2CiSoe on Bjyg \ Qy. 
The opposite inequality holds similarly, hence 

(7.8) \w - P^\ < 2Ci6oe on B+^\n,. 
From the definition of w and (|7.7p we also obtain 

(7.9) |u - wl < 3Ci(5o£ on a(rJ„nB+g). 
Now we claim that 

(7.10) \v — w\ < C2Soe in f2i,ni?jyg, C2 universal. 

For this, we use the following inequality. If yl > is a symmetric matrix with 

1/2 < det A < 2, 

and a > 0, then 

det (A + a/) = det A det (/ + aA~ ^ ) 

> detA{l+Tr{aA-^)) 

> detyl(l +a/2) 

> detA + a/4. 

This and (fTOl) give that in n B+^g 

w + 2,5o£(|xp - 2Ci) < V, 

V + 2Sae{\x\^ -2Ci) < w, 

and the claim (|7.10l) is proved. 

Next we approximate w by a quadratic polynomial near 0. From (|7.5p . (|7.8p . 
(j7.10p we can conclude that 

\w-Prn\<2e in B+g, 
if Sq is sufficiently small. Since w = Pm on {a;„ = 0}, and 

^\x'\'' <Pra{x') <Ap\x'\^, detD^Pm^l, \\D^Pm\\<2Co, 
we conclude from Pogorelov estimate (Theorem 16.41) that 

for some small universal constant cq. Thus in , w — Pm solves a uniformly elliptic 
equation 

TrA{x)D^w-P,n)=0, 
with the C^'^ norm of the coefficients A{x) bounded by a universal constant. Since 

W - P,n =0 on {Xn = 0}, 
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we obtain 

\\W - Pm\\(.2,l(B+ ^ < CsWw - P,n\\^oa(B+ ) < 2(736, 

with C3 a universal constant. Then 

(7.11) \w ~ P,n ~ L - An I < 2C3S\X\^ if \x\ < Co/2, 
with 

P„(x') = 0, = 7™x„, |7„|, \\D^Pm\\ < 2Cze. 

Since Im + Pm + Pm is the quadratic expansion for w at we also have 

detD2(P„+P„.) = l- 

We define 

P.m+\{x) Pm{x) + Pm(a;) - r7„q(x') + (Tma;^ 

with Gm SO that 

deti?2/.,„+i = 1, 

and let 

Im+iix) := 7m+iX„, 7m+i = 7™ + r7™ . 

Notice that 

(7.12) |7™+i - 7^1, _ ^2p^|| < ^ C4£orr> 
and 

||I?2p„,+l - Z?2(P,„ + P„J|| < C4(5o£, 

for some C4 universal. From the last inequality and (|7.10p . (I7.1ip we find 

\v - L - P,y^+l I < {2Cj,rl + Ca^o + C^8o)e in 17„ n P+ . 

This gives 

\v-lm- Pm+1 1 < er-2+" in n„ D B+ , 

if we first choose tq small (depending on C3) and then Sq depending on ro, C2, C4, 
hence 

|u - l^+i - P,n+i\ < er\l+'' = SoirroT m fin B+^. 
Finally we choose Eq small such that (|7.12p and 

70 = 0, WD^PoW < Co, 

guarantee that 

l7ml<l, \\D^Pm\\<2Co 
for all m. This shows that the induction hypotheses hold for m + 1 and the lemma 
is proved. 

□ 

Remark 7.7. The proof of Lemma l7.6l applies also at interior points. More precisely, 
if u satisfies the hypotheses in Bi{xo) C Ct instead of Pi fl O then the conclusion 
holds in Bi(xq). The proof is in fact simpler since, in this case we take w so that 

w = V on dBi{xo), 



and then (|7.9p is automatically satisfied, so there is no need for the barrier (j). 
Also, at the end we apply the classical interior estimate of Pogorelov instead of the 
estimate in half-domain. 
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Now we can sketch a proof of Corollary 17.21 and Theorem 17.31 
If u satisfies the conclusion of Theorem 17.11 then, after an appropriate dilation, 
any point in Cg H becomes an interior point xq as in Remark 17.71 above for the 
rescaled function u. Moreover, the hypotheses of Lemma [7.61 hold in _Bi(a;o) for 
some appropriate e < eo- Then Corollarv 17.21 follows easily from Remark 17.71 
If u satisfies the hypotheses of Theorem 17.31 then we obtain as above that 

||"||c2.°(D5) < C, Ds:={x&n\ dist{x,dn) < S}, 

for some 6 and C depending on the data. We combine this with the interior C^'" 
estimate of Caffarelli in |C2) and obtain the desired bound. 
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